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systems
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Physics Department, The University, Nottingham NG7 2RD, UK

Received 14 June 1994

Abstract. The strongly coupled Jahn-Teller (3T} system is studied in which an fon in an orbital
T} triplet state is coupled to both e and t; modes of vibrations of its neighbours. Such a system
is usually constdered to be either a2 T @ (e + t2) JT system, in which orthorhombic minima in the
five-dimensional {-space are lowest in energy, or a T@®d system, which has a trough of lowest
energy. However, it is possible also for the tetragonal and trigonal minima, usually associated
with the T®e and T@t IT effects respectively, to coexist with very similar energies to each other -
(and be of overall lowest energy) when the bilinear term of the vibronic interaction is present.
This sitvation is described in this paper. A set of vibronic ground states is obtained by mixing
the symmetry-adapted vibronic T; ground states of the T} @ e and T; @ty JT systems. This is
different to the set of states associated with the orthorhombic minima. Analytical expressions for
the first- and second-order JT reduction factors are also derived for the coexisting system. As a
consequence of this analysis, an improved version of the theory of second-order reduction factors
is obtained. The reduction factors are compared to those of existing numerical calculations for
the T; @ d IT system and it is shown that very good agreement is obtained between the two in
the strong-coupling limit.

1. Imtroduction

Uniaxial stress is often used as an experimental technique for the study of magnetic impurity
ions in semiconductors in cases where the interaction with the surrounding lattice is strong.
For orbital triplet ions in M-V semiconductors, the effect of a uniaxial stress of E-type
symmetry (e.g. stress along {001}) is usually an order of magnitude larger or smaller than
that of a stress of Tr-type symmetry (e.g. along {111}). These two extremes are said to
involve T ® e and T @ t; Jahn-Teller (JT} systems respectively as in such cases the ion
is strongly coupled to either e- or tx-type lattice vibrations. However, in a minority of
cases, one finds that the two stresses have effects of a similar order of magnitude. It is
usual to interpret the latter result as implying that a T ® (e 4 t;) IT effect is operating
in which the lowest-energy minima in the potential energy surface are of orthorhombic
symmetry {e.g. Bates 1978). In this paper, we wish to examine the alternative possibility
that the orthorhombic extrema are higher in energy than both the tetragonal and trigonal
wells, but that the tetragonal and trigonal wells have virtually the same energy as each other.
This suggests an alternative theoretical framework for modelling the experimental results
obtained on such magnetic impurity systems.

As a detailed background to this work, we note that much numerical and theoretical
work exists concerning Jahn—Teller (JT) effects in which an orbital Ty triplet level is coupled
to both e and t; modes of vibrations of its neighbours. For example, Sakamoto (1982)
calculated the energy levels and Ham reduction factors for the case in which the two
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phonon modes have equal coupling strengths and frequencies. Four different quadratic
couplings were included in the analysis in turn. A different approach was used by Lister
and O’Brien (1984}, based on earlier work of O'Brien (1969) for the strong-coupling regime.
By introducing an effective adiabatic potential surface, they deduced specific properties of
the system by studying its shape. O’Brien (1971, 1990) published numerical results for
the first- and second-order reduction factors for the T ® (2 + tz) system in the special case
of equal coupling, but the results did not include the effect of the quadratic terms in the
Hamiltonian and thetefore the symmeiry of this system is higher than cubic.

In this paper, we will adopt the unitary transformation method used by Bates et al (1987),
Dunn (1988, 1989) and Dunn and Bates (1989) to study the strongly coupled JT system in the
equal-coupling case. In our discussion, the bilinear quadratic coupling term will be added
into the vibronic Hamiltonian (and thus the system retains its cubic symmetry). It will be
shown that for certain ranges of magnitude and sign of the bilinear coupling constant, the
tetragonal and trigonal minima coexist. Subsequently, the ground vibronic states localized
in these minima {or wells) are mixed to construct a new set of ground vibronic states by
diagonalization of the full vibronic Hamiltonian (including the bilinear term). Finally, the
results obtained will be used to calculate first- and second-order reduction factors for the
coexisting system. The calculation of second-order reduction factors is performed using a
modified version of the methed of Polinger er ol (1991) in which the general expressions
derived for the reduction factors are improved. It is only necessary then to evaluate a
few reduced matrix elements of vibronic states instead of summing over a large number of
overlaps of phonon states. Also, as a good approximation in strong coupling, the symmetry-
adapted excited vibronic states for the separate T @ e and T @ t; IT systems are used as
basis states for the calculations here.

2. The Hamiltonian and unitary transformation

The Hamiltonian for a T1{{ = 1) ion that is coupled both linearly and bilinearly to e modes
(Qs, O) and t; modes (Q4, Os, Q) of a cluster of cubic (Ty) symmetry is (Bates et al
1987) '

H = Hypp + Hin + HEL (2.1)

it

where
Hyip = Qu) " (PZ 4 P2+ PZ + P2+ P
+ (W/DNR(QF + 0D + (@} + Q2 + 0D
Hine = L Velpo Qs — 3'2pe 0) — 32 /D) Vr (12 Qa + 7505 + 76 Q6) (2.2)
Hiw = G2 /2)Ver{Qal—5 Q6 + 3Y*/2) Qclre
+ Qs[—100 — 3"/2) Q)5 + Qs Qee)

with respect to a set of T electronic triplet states |x), |y} and |z}, where, in matrix form,

1 0 0 1 0 O 1 0 0
=[o i o] p9=[0 Lo | a=[o 1 o]
0 01 0 0 -2 0 0 0

2.3)
00 0 00 1 010

n:[o 0 1} 1-5=[o 0 o} 'rs=|:1 0 0].
010 100 000
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Hyin represents the elastic energy of the cluster, Hiq the linear couplings and 2L describes
the bilinear coupling to one e-type and one t-type mode. P; is the momentum. conjugate
to ;, Vg is the linear conpling constant for the e modes, Vr that for t» modes and Vpy is
the bilinear coupling constant. y is the mass and wg and et are the frequencies of e modes
and t; modes respectively.

For strongly coupled JT systems, the transformation approach of Bates et af (1987) and

Dunn (1988) may be adopted in which a transformation of the form

5
U = exp (i > a,-Pj) 2.4)
i=1

is applied to H in (2.1}, where the «; are free parameters. This produces a transformed
Hamiltonian

H=UHU = ﬂ] + 'Ffz (2.5)

such that 7, contains terms representing coupling to excited phonon states while H,; contains
only electronic operators. Consequently when the ground states of the system are required,
only H, neéds to be considered. To obtain the ground states and their energies, H; should
be minimized with respect to the o; as in the method of Opik and Pryce (1957). This
gives values of ; which define the positions of extrema points of tetragonal, trigonal and
orthorhombic symmetry in the five-dimensional Q-space.

Comparing the results obtained here with those obtained in linear coupling by Bates
et al (1987), it was found that the inclusion of the bilinear term in the Hamiltonian has
no effect on the positions of extrema pomts eigenstates and energies in the tetragonal and
trigonal cases, but that the values of a® for the orthorhombic extrema are multiplied by
¢ for j =& and ¢ and by ¢p for j =4, 5 and 6, where

¢ = -4 KL K o Korkr
hewghor harKg

1 (2.6)
K& N Kp Kg
br = (1 - 471@57!%) (1 B 2?’l'fﬂlsfr‘:'r
in which the constants Kg., Kt and Kpp are defined by
1/ n \/? 14 3n \M* Vg
Kg=— Vi Er=—-]— A& KL = —2-
ET (2;.(.0)5) E =3 (mm) T BL Velr
The energies of the orthorhombic extrema become (Dunn and Bates 1989)
K3 N/ Kk KZ KgKt
=(1-4—2 ——E T L4fg . 2.8
Exr - ( Flwgﬁw-r) ( fiwg AT + BLhwEhw-; @8

However, the comresponding eigenstates are still unchanged. We note that the expression
for the energy Egr-of orthorhombic wells given in equation (6.2) of Bates et a/ (1987} was
approximate because the factor [1 — 4K3; /(A2wgwr)]™! appearing in (2.8) was taken to be
unity. It is important to use the exact result here as this factor is very important in the
subsequent discussion for the case of equal coupling in which thc tetragonal and trigonal
minima coexist.
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3. Equal coupling and the coexistence of tetragonal and trigonal minima

In terms of the parameters defined in (2.7), the expressions for Eg (the JT energy at the
tetragonal extrema) and Ey (the JT energy at the trigonal extrema) are

Eg = —4K}/(fiwg) Er = —4K}/(3hor). 3.0

For the equal-coupling case, we take Eg = Et = E and wg = wr = w. It follows then that
~3Kg = Kt = K and (2.8) thus becomes

5 -1
EH=E(1-4(%’)'E) (1— 3%) (32)

The values of Kpg for which the tetragonal and trigoral minima coexist can be obtained by
setting

Egr> E (3.3)
to push the tetragonal and trigonal exirema below the ortherhombic extrema, This occurs if
0 < KpL/(Bw) < v/3/4. (3.4)

It is possible to determine whether these lowered extrema are absolute minima or saddle
points by applying the method described by Bersuker and Polinger (1989). It is well known
that in each of these extrema, the e and t; vibration modes labelled according to the cubic
Ta group, are reduced to a set of new modes belonging to a group of lowered symmetry.
In fact, at tetragonal extrema the symmetry is reduced i0 Dyy and we have E — A; & B,
and Ty — B, @ E. At the trigonal extrema, the symmetry is lowered to Cs, and we have
E— E and T, — A; @ E. By applying ordinary perturbation theory, it is found that the
curvaturss « (defined as the second derivative of the potential function with respective to
;) at the tetragonal extrema are

KA, = Kp, = uh’w’ Kp, = (hle*
e = uhte? 4KpL (1 Ky, ) (33)
EE Y e N
At the trigonal extrema, the curvature xa, = whtw?, and kg (which has two different
components in this case) is obtained from diagonalizing the matrix
BK; BKR 82K
2 21 1+73rm T Bt V2- 3t
MR = o3 . (3.6)
3| v2- 2k 2
w

With (3.5) and (3.6), one can easily show that the curvatures at tetragonal and trigonal
extrema are all positive (in the trigonal case, the determinant of the matrix in (3.6) is
positive) for the ranges of the sign and magnitude of Kpj, shown in (3.4). Therefore these
extrema are absolute minima or ‘wells’. The eigenstates localized in these wells can be
transformed back and linearly combined using projection operator techniques (Dunn 1989)
to obtain symmetry-adapted cubic vibronic ground states. Thus we have

[Tixe) = |x'; 0) [T1ye) = [y'; 0} [Tize) = |z'; O} (3.7
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for the tetragonal case of Ty ® e systern, and

ITyxt) = Ny(—[a’; 0) — |5 0) + |c': 0y + |d'; O))
[Ty yt) = N(—|a’; 0) + |&"; 0) — |c’; O}y + |d'; O)) (3.8)
ITyzt) = Ne(la'; 0) — |55 0) — ic’; 0) + |d; OD)

with

a=(I/J§)(x+y—z) b=(1/«/§)(x—y‘+z)
39
c=(l/~f§)(—x+y+z) d=(1/~/5)(—x—y—z) >

for the trigonal case of Ty ® t; system. N, = (%)[1 + 5./3]17? is the normalizing factor
in which §; = exp[—(%)(K /hw)?] is the oscillator overlap between two trigonal wells. In
the above equations, |£"; 0) = U:|£;0) (§ = x, ¥, z, 4, b, ¢, d), where £ labels the well
and ‘0’ denotes that there are no phonon excitations with respect to the transformed picture,
and Uy is the value of the unitary transformation U evaluated at the £ minimum.

It should be noted that, in driving the above cubic ground states using the transformation
method, Fy is neglected (section 2). Thus to take into account the effect of the bilinear
term, better approximations to the exact eigenstates are obtained by diagonalizing the full
vibronic Hamiltonian introduced in (2.1} with the symmetry-adapted states in (3.7) and (3.8)
as bases. Since the Hamiltonian is a scalar of the cubic group and ITiye), |Tiyt) (¥ = x,
¥, z) transform according to the row 3 of the irreducible representation T; of the same
cubic group, there are only three unique matrix elements of the Hamiltonian. These can be
written as follows:

(Tyy'e|H|T)ye) = Hy8yy (Tiy tiH|Tiyt) = Haobyye (3.10)
(T1y'e|HITiyt) = Hipdyy (T1y tIH| Tiye} = Hoid,yr ]
where
5 4K?
H= (Eha) - %)
5 4K? 9475,
Hoao=l-hey— ———— ‘ 3.11
2 (2 “ w33+ SI)) G1D

4 5 8K?  4Km K°?
—Hy = ——— he — :
Hho = Hoy = =2 Nida (z “ " S 373 G

In the above, S (= exp[—(%)(K /hew)?]) is the oscillator overlap between tetragonal and
trigonal wells in the equal-coupling base. Also (3.10) implies that H can only mix states
which have the same symmetry transformation properties. Thus the calculation of the
eigenvalue problem for the ground states can be carried out within a two-dimensional
subspace so that the problem can be reduced to solving the simple matrix equation

Hi—E Hp—ESY[&
=0 3.12
(Hu—ES sz—E)(Q) G12)
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P

where § = {Tiye|Tyt) = (TyytTiye) = —(4/J§)NrSet. The new ground vibronic states
are then wriiten in the form

|Tyvet) = LlTiye) + &(Tivy y=x32 (3.13)

where ¢, and & are combination coefficients. Solving (3.12), it is found that

L= 1/(1+2p8+ pH? G=p/(1+2p5 4 pH1? (3.14)
where
p=(ED — Hi)/(Hi — EDS) (3.15)

and where the energy of the ground vibronic state is

EY = 1(1 — 857 (B + Hp — 2H1pS — A) (3.16)
with

A = [(Hy) + Hyp — 2H125)% — 41 — S2)(H)) Hy — HE)1'2. (3.17)

(In the strong-coupling limit, the above expressions simplify such that § = X, with the
ground state taking the negative sign.)

4. First-order reduction factors

1t is well known that, in spectroscopic studies, an ion in a crystal can often be conveniently
described by an effective Hamiltonian in which the electronic terms are multiplied by
parameters frequenily referred to as reduction factors. An analysis of the reduction factors
appearing in such effective Hamiltonians is one of the best ways of observing and identifying
1T effects in solids (e.g. Ham 1965, Q'Brien 1969, Bates 1978). In fact, in many real systems,
the importance of JT effects is reflected by the size of the reduction factors and thus their
calculation is fundamental to JT theory. In this section, we will extend our discussions to
the calculations of both the first- and second-order reduction factors using the new ground
vibronic states and the energy obtained above. (‘First-order’ reduction factors arise when
a perturbation V is used jin a first-order perturbation theory calculation and ‘second-order’
reduction factors when V is used twice in a second-order perturbation theory calculation.)

4.1. The general result

The basic definition of a first-order reduction factor is that it is the ratio of the diagonal
matrix element of an orbital operator within a vibronic state to that of the diagonal matrix
element of the same orbital operator within the corresponding orbital states. Thus the
first-order reduction factor KV(I") is defined in general terms by

EN() = (0Z0:] L [0Z0;} (EoiLry, | Bo;). @.1)

In the above, |0Xo) are the ground vibronic states, |Zo) the orbital states and Lp, the
symmetrized orbital operators, where o, I'y label the transformation properties according
to the appropriate point group. (For example, pa, as defined in (2.3), could be the orbital
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operator Ly , [Tixe), as defined in (3.7), could be a vibronic state |0Zc’) of x-type symmetry,
and |x} the corresponding orbital state |Z o). If we define

(Zo;lLry | Zo;) = {TyZo;[So;) T 4.2)

where (I'y Zoj|Za;) are the Clebsch—Gordan (CG) coefficients, then the definition of first-
order reduction factors in (4.1) is simplified to

KTy = @|Lrl0T). : (4.3)

The specific form of the Lp, which have E, T; and T; symmetries and which satisfy the
definition (4.2), are given by

L = §)clci+cle—2cley e =-(v312)(cle - cloy

L. =(1V2) e —cley  Lny = (¥2) Clci - cley)
. @4)
Lr.= (1 NE) (clc, - cley L=~ (1/~/§) clcs +cley)

Loy =—(1V2) i+ ClC) L= (12) (ClC, - clon.

C;f are the orbital creation operators, which are defined in terms of the orbital vacuum states
0) such that C|0) = |x), C}I0) = |y) and Cl|0) = |z). C; are the orbital annihilation
operators corresponding to Cf. In many cases, the above expressions for the orbital
operators are not important since the definition (4.2) suffices for calculation purposes if
the CG coefficients are available. '

‘With the new ground vibronic states derived in section 3, the first-order reduction factors
are given by

EW(Ty) = £28e + §P(RIN2S + 26428 _
KO (T) =28 + PN+ 8) + 284S 45)
KD B) = 24 7 (RINES, + 2845

Figure 1 shows the variations of K (T,), K (Ty) and KV(E) as functions of K /fiw with
Kp. = 0.3. It is seen that K®(T}) — 0, KP(T,) — 4 and KD (E) ~ 5 (approaching
the value of 0.5 from below) in the strong-coupling limit.

4.2. The linear egual coupling limit

Our results are different to those of O’Brien (1971) for the linear equal-coupling case
{when the bilinear term is zero) because the Hamiltonian she used has ‘accidenially’ a
higher symmetry (of the rotation group s0(3)). The inclusion of the bilinear term reduces the
symmeitry of the JT system to cubic. In fact, if the linear terms of the vibronic interaction are
considered only, then the ground vibronic states in (3.7} and (3.8) can be combined to form
a new set of ground vibronic states of which the corresponding phonon states transform
according to the irreducible representation [ = 2 of the 50(3) group. The appropriate
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Figure 1. The first-order reduction factors X (¥ (T|), K{(T2) and KV (E) plotted as functions
of K fhw with Kg, = 0.3.

combination coefficients £, and ¢/ can be found by using the condition that the symmetry-
adapted phonon states satisfy the relation (Bersuker and Polinger 1989)

{O(T1)T20(T1) T2} = (3){0(T)E[|0(T1)E). (4.6)

The phonon states are written in the form |O(T")AM} and can be obtained by comparing
(3.13) with the general expression for the ground vibronic states (Polinger et al 1991):

0ry) = > 1S6) 0@ AMHE o AMTY). (4.7)
AL

Therefore using (4.6) together with the normalization condition, we obtain

L=1/-20'S+ D f=—p'J(1-20'S+ p?)' (4.8)
with
p2=E) - SYINM1-8)] S=- (4/«/5) NeSer. (4.9)

Replacing &, and &; in (4.5) by ¢/ and ¢/ and replotting the first-order reduction factors, we
find that now X(Ty) — KM (E) which is not the case in cubic symmetry. We also find
that, in the strong-coupling limit, X" (T|) — 0 as before, but that X ¥ (T;) and K (E)
tend to the value % as shown in figure 2. In figure 3, our results are compared to those
of O’Brien (1990); they agree in the strong- and zero-coupling limits but differ for other
values of the coupling constant. This is not surprising as our states are constructed from
functions based on potential wells.
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Figure 2. The first-order reduction factors X {U(T)), KU{(T2) and X(B) plotted as a function
of K/kw when only linear coupling terms are considered and states appropriate to $O(3) are
constructed.

In the equal-coupling case without the bilinear term, there is a continuous equipotential
surface connecting together the 13 extrema which occurs when the guadratic coupling is
included. Consequently, our transformation method should not be applicable. In producing
the results shown in figure 2, we have constructed wave functions centred on the seven
‘minima’ in Q-space and added the condition which makes the phonon states given in
(4.6) appropriate to SO(3) symmetry. However, we have not included the bilinear term in
this calculation, and thus the seven ‘minima’ are not frue minima at all. Nevertheless,
our transformation method has given sensible results at the two limits and in between the
differences are not too large. Presumably, this is because the wells in the strong-coupling
limit are infinitely sharp and the points chosen are sufficient in nomber to map accurately
the T ® d system. Figure 1 should give an accurate picture of the reduction factors when
bilinear coupling is included (as the symmetry is cubic), when there is no reason why
KM(T,) should be equal to K(E). The symmetry in figure 2 is moving towards S0(3)
and the results from O’Brien (1971) in figure 3 are of symmetry $0(3) exactly.

5. Second-order reduction factors

In strong coupling, second-order reduction factors become particularly important as in many
cases the first-order factors are small. They arise from non-zere matrix elements of V
between the ground vibronic state and all the excited vibronic states as deduced in the usual
perturbation theory summation. They satisfy the usual requirement that the matrix elements
of the effective Hamiltonian within the purely electronic basis states are identical to those of
V' within the ground vibronic_states (e.g. Bates ef af 1987, Dunn and Bates 1989, Bersuker
and Polinger 1989).
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Reduction Factors

Figure 3. The first-order reduction factors caleniated in this work compared to the numerical
results of O'Brien (1971). (Note that the relation between our K and the & of O'Brien is
k = ./10K). The dashed fine refers to our results for K(V(T2) = KV (E} and the solid line to
our results for K4 (T)). The triangles (AA4A) give the results for KV(Tz) = KUV(E) from
O'Brien (1971) and the solid circles (@ @®) similar resufts for K<7(T(}.

5.1. Definitions

From these basic definitions, Polinger et af (1991) derived a general expression for the
second-order JT reduction factors in the form

-1
Kﬁ’(h@h)=(—1)f“‘>[1“1[1;" & ’ﬂ ;(—1)1‘“"[1\1[1;1‘ ° ﬂf]Rn(ka

(5.1)
with

RA(TT) = Y (ER = EQY 1 S,(TLAT)S, (DL AT) (5.2)

n

and where

rrz}

T A M E=0T)  (53)

S{EAT) = ) (—1YU0HE0r)Min(A) M) [
M

In the above, Ty and I'; denote the symimetry components of the perturbation V and j(I")

are the fictious angular momenta (see, e.g., Griffiths 1962). Also the 6I" symbols are written

with large square brackets and dimension of a representation with small square brackets.

The oscillator overlap integrals are {O(T )M [n{(A)M}. As can he seen from (5.3), in order

to calculate second-order vibronic reduction factors for any real JT system, it is necessary

to evaluate matrix elements involving the oscillator parts of the vibronic states. In the
transformation method, this is done by comparing the vibronic states obtained with those

in a general Clebsch—Gordan convolution form.
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5.2. An alternative procedure

The problem with this approach is that we have to handle a greater number of oscillator
states than vibronic states. Thus a more convenient way, which we introduce here, is to
use the vibronic states directly for the calculations. The introduction of the symmetrized
orbit operators Lr, defined in (4.4) has made this possible. Thus it is found that, in terms
of the reduced matrix elements of L, between the vibronic ground and exciled states, the
function S, infroduced in (5.3), can be expressed either in the form

S(SAD) = [[7H(— 1/ OH D A Ly lOT) (5.4)
or in the form
Sa(BAT) = ([TJADVHO [LgnA). (3.5)

Thus either (5.4} or (3.5} can be used to replace (5.3) for the derivation of the 8, function.
We will use (5.4) for the following calculations. In the case when 'y = Iy we have

Ra = Ra(TiTy) = ) (B — E{)715, (T AT) (5.6)
with
Sa(TxADY? = [ XnA | Ly, |OT). | G.7

We consider a Ty jon at a Ty site and take spin-orbit coupling as an example. In this case,
I' =T} =T} = T;. On substituting appropriate values for the 6" symbols into (5.1), we
obtain

K (Ti ® T1) = 3Ra, +6Rg + IR, + IRy,
KP(T; ® Ty) = —6Ra, — 12R5 + 9Ry, + 9Rr,

(5.8)
KP(T1 @ Ty) = 6Ra, — 6Rg +9Ry, — Ry,
EP(T; ® Tr) = ~6Ra, + 6Rg + 9Rr, — 9Rr,
where
Rp, = (3) ) _(Ex) — EZ)™ (nAd||L, 10T1)
i
Re = (§) > (EY — EZ)™ (nE'||Ly, 10T
" (5.9)

Rr, = (3) ) (Ex, — Ef)” (nTi{Lm i0T)
ni

Ry, = (}) ) (BY) — Ex)7 (T3 ]1Lm | 10T1)%,
ni

In the above, the sums are over both n(= p + g +r + 5+ 1) and i, where the index
{ is used to distinguish between states of the same symmetry but different energy. The
expression (3.8) for the reduction factors is exactly the same as that given earlier (Polinger
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et al 1991, equation (2.27)) for the case of a T® ts IT system but the definitions of the R4
in (5.9} are completely different. |

In order to calculate R, for this case, expressions for the energies E-f-?), E-}":) are
required together with the reduced matrix elements (rzl""yilLTl I0T,}. The ground vibronic
states |0T ) and energy E-}C;) have been given by (3.13) and (3.16) respectively (note that
0T ) = |T1yet), y = x,y,z) and the symmetrized orbit operators Ly, by (4.4). Here
we will use symmetry-adapted excited states of the T ® t; and the T @ e systems and their
energies for the calculations. As in the case of the ground vibronic states (section 3), the
excited vibronic T, and T, states of the T @ e system should be combined with those of
the same symmetry for the T ® tp system to form the new sets of excited vibronic states.
However, this calculation is complicated and may not have much effect on the final results
so will not be attempted here.

Instead, we start with the excited vibronic states for T ® t; IT systems constructed by

Dunn (1989) using projection operator techniques. They are written in the form
InT}) = N;(, m, m)ld; @, m, n)) (5.10)

where N; are normalizing factors, given in equations (4.8)-(4.10) of Dunn (1989), and the
states |¢y) are given in table 2 and equation (4.10) of Dunn (1989). The states with j = 1-3
form one set of Ty states (I = TE”), and the states with j = 4-6 another set (TV = ng)). A
set of T states is formed with j = 7-9 (I = Tg”), and pairs of E-type states with j = 10
and 11, j = 12 and 14 and j == 13 and 15 (" = E'Y, E® and E®Y). The A, states are
formed with j = 16 and the A, states with j = 17, 18 and 19 (¥ = ASJ, A;ZJ and A.g3}).
Their energies E}f’) = E;{I, m,n) are given in equation (5.8) of Dunn (1989). (In order to
take into account the extra coupling to the ¢ mode, we must add %w to the latter energy).

For T @ e IT systerns, there are no vibronic states of Aj, Az or E symmetry. Those
excited states which transform as T, and T4 can be written as

InTPy) = Uyly; 62¢f) for g even

\ (5.11)
InTy) = Uyly:6%¢f)  forgodd (¥ =x,,2)

where &; denotes the presence of p excitations of the 8,-type oscillator, etc. The
correspending energies are given by

E_f;:% = —4K*/(3kw) + {(p + g + ke (5.12)

in which i = 3 for g even and i =2 for g odd.
As the excited vibronic states located in the two kinds of wells are given above, the
reduced mairix elements needed in (5.9) can be calculated. The result is
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{nA;||L7,||0T;) =0

(ELy, [10T1) = 2/8Nu (5, D81, 5, 5)

(nBP(L, 10Ty} = V6N1s(r. 5, Dgi(r, 5, 1) + g1s, . 1)]

{nE@||Lr,1|0T;) = 0

(T Lp, 10Tt} = —V2ZNI(r, 5, Dgar, 5, 9) (5.13)
(nTP || L7, 10Tt} = —V2Nu(r, 5, ga(r, 5, 8) + g1(r, 1, )]

(nTO | L1, II0T1) = —v283(p. 9)

(n T Ly, [0Ty) = —V2No(r, 5, £)ga(r, 5, 8) — ga(r, £, 5)]

(n T | Ly, HOT1) = —v2g3(p. q)

where
gi(r, 5, 1) = =60 (—1)"" (8o, — 80r)
&l 5, 1) = (D[P — Q060 +80)] (5.14)
83(p. q) = —(—=1)"* (LR — £:Td0q)

and where

P = (4/«/6) Se(2A4/3) 5+ /(}!s!n)’ﬂ

0= (4«/5/3) NtSt(4A/3)r+s+t/(rls!t!)Uz
( (5.15)

T = (4/¥8) NiSa (2A/J§)p SR,

In (5.15), S. = exp[—2.4%] is the oscillator overlap between the ground states located in
any two of the tetragonal wells where A = K /fiew,
The reduction factors may be written in the form (Polinger et al 1991, O’Brien 1990)

C=kP/3  Be=kP A=-kPp2  Bi=EKP. (516

They are illustrated in figure 4 for Kp;, = 0.3. This figure clearly show that Br is not
exactly equal to Bg in the strong-coupling region as was obtained in the numerical results
of O’Brien (1990), although the same qualitative behaviour is observed. The origin of this
difference can presumably again be attributed to the addition of the bilinear term into the
basic Hamiltonian as discussed in section 4, so that the symmetry is cubic rather than 50(3).

6. Conclusions

The transformation method developed by Baltes et al (1987) and Dunn (1988, 1989) has been
applied to the case when the seven tetragonal and trigonal wells all have the same energy.
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Figure 4. The second-order reduction factors A, Bg, By and C plotted as a function of X /fiw
with Kgr = 0.3. (Note that the reduction factors do not exactly go through the origin because
the Kgr term remains finite.)

The inclusion of the bilinear coupling term in the Hamiltonian means that the trigonal and
tetragonal wells can be pushed below the orthorhombic extrema by choosing a specific range
of values for the constant Kgj and that the system retains its cubic symmetry. The ground
vibronic states localized in the tetragonal and trigonal wells are combined linearly using
projection operators (Dunn 1989) to obtain vibronic states of cubic symmetry. However,
this technique cannot mix the basis states in trigonal wells with those in the tetragonal
wells. Therefore, a better approximation to the exact eigenstates for the problem is obtained
by diagonalizing the full vibronic Hamiltonian (2.1) with the above-mentioned symmetry-
adapted states as basis states.

Within these new ground vibronic states, first-order reduction factors KV (Ty), K(Ty)
and K(E) have been calculated. We find that, in our results, X')(Ty) &£ KE) in
strong coupling. This result is different from that obtained in the T ® d case considered by
(’Brien (1990). The ‘splitting’ observed here is atiributed to the inclusion of the bilinear
termn which has lowered the symmetry of the vibronic Hamiltonjan from $0O(3) to cubic. We
have also shown that, if the ground vibronie states of T®e and T®t; systems are combined
appropriately to form new ground vibronic states of which the corresponding phonon states
transform like the irreducible representation { = 2 of the rotation group SO(3), then we find
that KONTy) = KO(E) » % in the strong-coupling limit which is in agreement with the
O’Brien result for the T ® d case (O’Brien 1990).

Finally, we have improved the general expression for the calculation of second-order
reduction factors. By introducing a set of symmetrized orbital operators, results can be
obtained by evaluating a few reduced matrix elements of vibronic states only instead of
sumrning over many phonon overlaps, thus simplifying the calculations. It is necessary to
point out that the general expression (5.1) for second-order reduction factors is suitable for
the triplet case only. A further improvement is needed when applying (5.1} to the doublet
system (Lin et al 1994). We have calculated the second-order reduction factors for the
specific example of spin—orbit coupling. It is interesting to see that in strong coupling Bg
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is not exactly equal to By. This is in contrast to the T ® d case for which Bg = By, The
discrepancy is again likely to be caused by inclusion of the bilinear term. )

One real example to which the above theory may apply is that of GaP:Ti**, In optical-
absorption experiments on this system in which the 2E-to-2T, transition is studied, Al-
Shaikh ef al (1994) have found significant splittings of many lines when uniaxial stress
is applied along the (001}, {111} and (110} directions of the crystal, which cannot be
explained by an orthorhombic model. However, further work is needed to verify that the
model of co-existing tetragonal and trigonal wells applies to this case. In contrast, electron
paramagnetic resonance (EPR) experiments on GaAs:Cr't have clearly shown that, in that
system, an orthorhombic T @ (e + tz) IT model is needed especially because the angular
dependence of the EPR spectrum displays orthorhombic symmetry (e.g. Parker ef al 1990,
Krebs and Stauss 1977). Another possible candidate for a coexisting system is GaP:Cr3t;
although this system was supposed initially to be an example of a T @ e IT system, on
account of the E-type strain-stabilized EPR spectra observed (Darcha et al 1987), there are
problems which have still to be resolved.

The need for a comprehensive J¥ theory in which the possibility that tetragonal and
trigonal wells coexist has clearly been established. It is hoped that our calculations above
will provide a realistic basis for future modelling, :
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